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We present a theoretical study of the statics and dynamics of a partially wetting liquid
droplet, of equilibrium contact angle θe, confined in a solid wedge geometry of opening
angle β. We focus on a mostly non-wetting regime, given by the condition θe − β > 90◦,
where the droplet forms a liquid barrel – a closed shape of positive mean curvature. Using
a quasi-equilibrium assumption for the shape of the liquid-gas interface, we compute the
surface energy landscapes experienced by the liquid upon translations along the symmetry
plane of the wedge. Close to equilibrium, our model is in good agreement with numerical
calculations of the surface energy minimisation subject to a constrained position of the
centre of mass of the liquid. Beyond the statics, we put forward a Lagrangian description
for the droplet dynamics. We focus on the the over-damped limit, where the driving
capillary force is balanced by the frictional forces arising from the bulk hydrodynamics,
the corner flow near the contact lines and the contact line friction. Our results provide a
theoretical framework to describe the motion of partially wetting liquids in confinement,
and can be used to gain further understanding on the relative importance of dissipative
processes that span from microscopic to macroscopic length scales.
† Email address for correspondence: rodrigo.ledesma@northumbria.ac.uk
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1. Introduction
The statics and dynamics of liquid droplets in wedge geometries is an active research
topic across disciplines, spanning biological physics (Prakash et al. 2008), granular me-
dia (Bocquet et al. 2002; Kohonen et al. 2004; Grof et al. 2008) and microfluidics (Dangla
et al. 2013; Renvoisé et al. 2009; Luo & Heng 2014). More fundamentally, understanding
the motion of droplets in wedges can shed light on complex phenomena, such as interfacial
instabilities (Al-Housseiny et al. 2012; Keiser et al. 2016) and the impact of surface
roughness on contact-line dynamics (Moulinet et al. 2002).
When a liquid droplet is brought into contact with the inner walls of a wedge-shaped
channel, the system will tend to minimise its total surface energy. In general, the transient
dynamics and the final equilibrium state can be characterised in terms of two main
parameters, corresponding to the opening angle of the wedge, β, which characterises the
confinement geometry, and the equilibrium contact angle of the liquid with the solid, θe,
which quantifies the wetting properties of the liquid.
Broadly speaking, one can identify three qualitatively different regimes for the be-
haviour of droplets in wedges depending on the interplay between β and θe. The first
corresponds to an ‘apex contact’ regime, where 0◦ 6 θe 6 90◦ + β. In such cases the
liquid-gas interface is concave and forms a transient capillary bridge when placed between
the walls of a wedge. It was first noted by Hauksbee (1710) that the free motion of
such structures (i.e., in the absence of external forces, such as gravity) always results in
their migration towards the apex of the wedge. For situations where 0 6 θe 6 90◦ − β,
Concus & Finn (1969), and Concus et al. (2001) showed that a global equilibrium is
not possible, leading to the complete spreading of the liquid along the wedge apex.
On the other hand, when 90◦ − β < θe 6 90◦ + β, the liquid-gas interface forms an
equilibrium shape that touches the apex of the wedge keeping a contact line of finite
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length, sometimes referred to as an ‘edge-blob’ (Concus & Finn 1998; Concus et al. 2001;
Brinkmann & Blossey 2004). Recently, Reyssat (2014) studied the motion of completely-
wetting capillary bridges within wedge-shaped channels and identified two regimes in
the dynamics of the liquid. Close to the apex, the main source of energy dissipation is
the viscous friction in the bulk of the liquid, which balances the rate of work done by
capillary forces. As a result, the time evolution of the position of the capillary bridge is
linear. This picture changes when the liquid is far from the apex of the wedge, where
the main source of dissipation is the corner flow near the apparent contact lines. The
result is a different equation of motion, which is given by a power-law dependence of the
position of the liquid as a function of time with an exponent 4/13.
A second regime corresponds to the reverse limiting wetting situation, where θe = 180◦,
and for which a liquid in a wedge-shaped channel will form a suspended droplet, a
situation also found for gas bubbles. In such a case, a confined droplet will always migrate
away from the apex of the wedge (Dangla et al. 2013). In sharp contrast to the complete-
wetting limit, the equilibrium shapes of suspended droplets or bubbles correspond to
perfect spheres. The dynamics of such systems will often involve the interplay between the
liquid/gas and the surrounding fluid (Bretherton 1961; Park et al. 1984). However, in the
specific case of a low-viscosity fluid (air) suspended in a liquid of relatively high viscosity
(silicone oil), Reyssat (2014) showed that the main sources of dissipation originate from
the liquid, and that the same equations of motion that hold for completely wetting
capillary bridges also hold for completely nonwetting bubbles.
The third regime, which is the focus of this paper, corresponds to a mostly non-wetting
situation, where θe > 90◦ + β. In such a case, the liquid-gas interface is convex, i.e., it
has a positive mean curvature. Therefore, upon contact with the walls of a wedge, a
droplet will form a liquid barrel. Concus et al. (2001) studied the equilibria of liquid
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barrels in wedge geometries. They showed that, in contrast to capillary bridges, liquid
barrels form closed surfaces avoiding the apex of the wedge, and that, in the absence of
external forces, such shapes correspond to sections of spheres. Experimentally, Baratian
et al. (2015) recently observed such equilibrium shapes using an electrowetting setup,
and showed that a spherical equilibrium shape implies a vanishing net force acting on
the liquid and that non-spherical static shapes appear when subjecting the liquid to the
action of gravity.
Whilst the equilibrium states of liquid barrels in a wedge geometry are now well
understood, several questions regarding the statics and dynamics of these systems remain
open. In particular, the statics and dynamics of non-spherical barrel shapes can only be
understood by knowledge of the net restitutive capillary force (which can be inferred
from the free-energy landscape), and of any resistive forces, such as a net external force
or a friction force caused by the motion of the liquid. Importantly, understanding the
motion of liquid barrels towards an equilibrium state can reveal details of dissipative
processes at three different length scales, namely, the large-scale viscous friction caused
by the bulk flow pattern, the viscous friction caused by the motion of the liquid near the
contact line, often described as a corner flow, and the friction caused by the motion of
the contact line itself.
In the present article, we carry out a theoretical study of the statics and dynamics of
a liquid drop that forms a barrel shape upon contact with the walls of a wedge-shaped
channel. In §2 we introduce a near-equilibrium model for the morphology of the barrel
and compute the corresponding free-energy landscapes as a function of the position of the
barrel relative to the apex of the wedge. We compare our analytical results in the near-
equilibrium limit to numerical computations of the surface energy using a minimisation
algorithm that fixes a constraint in the centre of mass of the liquid. In §3 we derive the
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Figure 1: (Colour online) Schematics of the geometry of a liquid barrel inside a solid
wedge of opening angle 2β. The position vector of the liquid-gas interface, xlg, is described
using the vectors X, r and R, and the azimuthal and polar angles ϕ and ϑ. The
intersection with the solid, where ϑ = ψ, occurs at a prescribed contact angle θ. The
aspect ratio of the xz cross section of the barrel is determined by its minimum thickness,
H and equatorial width, W .
equations of motion of the liquid barrel using a Lagrangian approach, and calculate the
overall drag arising from the bulk, corner-flow and contact-line contributions to energy
dissipation. Finally, in §4 we discuss the implications of our results.
2. Free-Energy Model
Figure 1 shows a schematic of the system under consideration, which consists of a liquid
droplet that partially wets the inner surface of a wedge formed by two solid planes.
We focus on a situation where the mass, M , temperature, T , and volume of the liquid,
V , are held constant. The relevant thermodynamic potential is the Helmholtz free energy
F = U − TS, where U and S are the internal energy and entropy, respectively.
From the second law of Thermodynamics, the Helmholtz free energy will either remain
constant or decrease upon a change in the configuration of the system, i.e., δF 6 0. Such
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changes in the free energy are caused by the interfacial variations
dF = γdAlg + γsldAsl + γsgdAsg, (2.1)
where γ, γsl, and γsg are the liquid-gas, solid-liquid, and solid-gas surface tensions
respectively; and Alg, Asl, and Asg are the corresponding interfacial areas. Therefore,
equilibrium states correspond to minima of the surface energy
F = γ(Alg −Asl cos θe), (2.2)
where the equilibrium angle, θe, is determined by Young’s Law,
cos θe =
γsg − γsl
γ
. (2.3)
2.1. Geometry
To determine F , we need to specify a suitable parametrisation of the geometry of the
droplet, as shown in Figure 1. In Cartesian coordinates, the wedge walls are oriented at
an angle β from the xy plane and intersect along the y axis. The unit normals to the
walls are ±nˆ(±β), where nˆ(β) = (− sinβ, 0, cosβ). We assume that the wedge walls are
identical and perfectly uniform, implying a reflection symmetry about the bisector plane.
We describe a point on the liquid-gas interface using the position vector
xlg ≡X + r +R. (2.4)
The vector X = (X, 0, 0) defines the position of the geometric centre of the droplet,
X, relative to the apex of the wedge. The vector r = r(ϕ) rˆ is coplanar to the bisector
plane, i.e., rˆ = (cosϕ, sinϕ, 0), where ϕ is an azimuthal angle. The vectorR = R(ϕ, ϑ) Rˆ
points in the direction of the unit vector Rˆ = (cosϕ cosϑ, sinϕ cosϑ, sinϑ), where the
polar angle ϑ subtends between the top and bottom walls. The combination of r(ϕ) and
R(ϕ, ϑ) can therefore be used to specify the shape of the liquid-gas interface.
Whilst the azimuthal angle varies in the interval ϕ ∈ [0, 2pi), the polar angle is
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restricted by the intersection of the liquid-gas interface with the solid walls, i.e., ϑ ∈
[−ψ,ψ], where the maximum angle, ψ, can be found by the geometrical condition
nˆ(±β) · xlg(ϕ, ϑ = ±ψ) = 0. (2.5)
In addition, one can write a relation for the contact angle of the liquid-gas interface with
the solid, θ, measured from the liquid phase, which reads
− cos θ = ±nˆ(±β) · ∂ϕxlg × ∂ϑxlg|∂ϕxlg × ∂ϑxlg| (ϕ, ϑ = ±ψ). (2.6)
The aspect ratio of the droplet can be characterised by the height-to-width ratio,
h ≡ H
W
, (2.7)
where the droplet height,H ≡ |xlg(pi, ψ)−xlg(pi,−ψ)|, is the length of the line connecting
the contact lines at the narrow end of the wedge and the droplet width, W ≡ |xlg(0, 0)−
xlg(pi, 0)|, is the distance between the leading and trailing points of the droplet’s equator.
Using the parametrisation xlg(ϕ, ϑ), we define the surface elements of the liquid-gas
and solid-liquid interfaces as
dAlg ≡ (∂ϕxlg × ∂ϑxlg)dϑdϕ, (2.8)
dAsl ≡ 1
2
xlg(ϕ,ψ)× d
dϕ
xlg(ϕ,ψ) dϕ. (2.9)
Therefore, the surface energy F , and the volume of the droplet, V , can be expressed as
F = γ
∫ 2pi
0
∫ ψ
−ψ
|dAlg| − 2γ cos θe
∫ 2pi
0
nˆ · dAsl, (2.10)
and
V =
1
3
∫
liq.
∇ · (x, y, z) dxdydz = 1
3
∫ 2pi
0
∫ ψ
−ψ
xlg · dAlg, (2.11)
where we have made use of the divergence theorem in the last equality.
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2.2. Morphology of liquid barrels
For a liquid droplet of typical density ρ ≈ 103 kgm−3, dynamic viscosity η ≈ 1mPa s,
surface tension γ ≈ 20 − 70mNm−1 and characteristic linear size V 1/3 ≈ 1mm, the
typical translation speed inside a narrow wedge, β ∼ 1◦ − 10◦, is U ∼ 1− 10 mm s−1.
Therefore, the Reynolds number Re ≡ ρUV 1/3β/η ∼ 10−1 − 100, the capillary number,
Ca ≡ ηU/γ ∼ 10−5 − 10−3, and the Weber number, We ≡ ReCa ∼ 10−6 − 10−3.
The smallness of the Weber and Reynolds numbers implies that perturbations to the
liquid-gas interface of the droplet decay over a short timescale relative to the timescale
of translational motion the drop (Miller & Scriven 1968; Zhong-Can & Helfrich 1987;
Landau & Lifshitz 2013), which we will describe by focusing on the regime of lubrication
flow (Oron et al. 1997) by restricting our discussion to the limit of small wedge angles
(β  1). Here, the smallness of the capillary number indicates that capillary forces
dominate over the viscous bending of the interface, including the region near the contact
lines (Voinov 1976; Cox 1986).
Therefore, we describe the near-equilibrium shape of the droplet as a smooth barrel
shape intersecting the solid at the equilibrium contact angle. In terms of the parametri-
sation introduced in §2.1, this corresponds to introducing the following approximations:
θ = θe, (2.12)
R = R(ϕ), (2.13)
W/2 = R+ r = const. (2.14)
where R(ϕ) andW/2 are the local radii of curvature in the normal and tangent directions
to the bisector plane, respectively. In terms of (2.12)–(2.14), X reduces to the average
distance between the leading and trailing edges of the barrel’s equator.
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2.3. Equilibrium
We first analyse the equilibrium shapes of liquid barrels in wedge geometries. Concus
et al. (2001) proved the existence of equilibrium states in the range θe − β > 90◦, corre-
sponding to sections of spheres intersecting the walls of the wedge with the equilibrium
angle θe. Baratian et al. (2015) showed that for such solutions the surface tension acting
on the wall integrated over the contact line exactly matches the pressure exerted by the
liquid integrated over the solid-liquid interface.
In terms of (2.12)–(2.14), such force-free spherical shapes can be recovered by setting
r = 0 and R = Re, where
Re =
[
6V
pi(cos 3θe − 9 cos θe)
]1/3
. (2.15)
This yields the following relations for the equilibrium position, Xe, height-to-width ratio,
he, and surface energy, Fe:
Xe = −cos θe
sinβ
Re, (2.16)
he = − cos(θe − β), (2.17)
Fe = γ
pi
3
(cos 3θe − 9 cos θe)R2e . (2.18)
Figure 2 shows the equilibrium surface energy of liquid barrels at different positions
within the wedge. We first focus on the effect of θe on Fe and Xe. For θe < 180◦, a
suspended droplet will always reduce the total surface energy by wetting the walls of the
wedge. This wetted area is be larger for smaller θe, and, because of volume conservation,
the liquid settles at an equilibrium position closer to the wedge apex (see insets in
figure 2). At first sight, one might expect a similar effect by increasing the wedge angle,
β. Indeed, from (2.16) an increase in the wedge angle leads to a closer position of the
barrel to the wedge apex. The surface energy, however, remains constant. Geometrically,
this can be understood by noting that a change in β is equivalent to a rotation of the
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Figure 2: (Colour online) Equilibrium surface energy, Fe, as a function of the distance
from the wedge apex, Xe, for different equilibrium contact angles (full symbols) and
wedge angles (empty symbols). The insets correspond to cross sections of the barrels
along the xz plane.
solid walls about the centre of the sphere, which does not alter the size of any of the
interfaces of the barrel, as shown in the insets of figure 2.
Note that for the droplet to form a closed barrel, that is, a structure that bridges the
walls of the wedge avoiding its apex, one must have Re < Xe, or, equivalently,
he > 0. (2.19)
From (2.17), this condition is satisfied only if
θe − β > 90◦. (2.20)
Equilibrium states can also exist if θe − β 6 90◦ but not as liquid barrel shapes. In
such cases it has been shown that the liquid completely invades the wedge (Reyssat 2014)
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and forms edge blobs (Concus & Finn 1998; Concus et al. 2001) or filaments that spread
laterally along the wedge apex (Brinkmann & Blossey 2004).
For a parallel-plate geometry (β = 0◦), force-free barrels can exist provided that the
separation between the solid walls matches the equilibrium height
He = 2heRe, (2.21)
which follows easily from (2.17). As noted by Kusumaatmaja & Lipowsky (2010), a
displacement of the solid wall from this equilibrium configuration will still result in
mechanical equilibrium, albeit in the presence of a net external force. This situation
can also occur for capillary bridges (θe < 90◦ − β), for which no force-free equilibrium
configurations can exist and the net force exerted by the liquid on the solid plates is
always attractive.
2.4. Out-of-equilibrium shape and energy landscapes
Out of equilibrium, the shape of the liquid barrel can be determined from (2.4)–
(2.6), subject to (2.12)–(2.14). However, under these assumptions the unit vector Rˆ
is approximately normal to the contact line. Therefore, the boundary condition (2.6) can
be replaced by the constraint
− cos θe = nˆ(β) · Rˆ(ϑ = ψ). (2.22)
Combining these equations determines the transverse radius of curvature,
R(ϕ) = q
(
1 + 
cosϕ
cosϕ− cos θe/ sinβ
)
, (2.23)
where
q ≡ − sinβ
cos θe
X, (2.24)
and
 ≡ W
2q
− 1. (2.25)
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Here, q is a rescaled position of the geometric centre of the barrel, which reduces to
the barrel’s radius in equilibrium, i.e., q(Xe) = Re. The parameter , on the other
hand, quantifies displacements of the equatorial radius of curvature from the spherical
configuration.
For a given volume, choosing the position of the barrel fixes its equatorial width, and
consequently, q and  are not independent. Rather, evaluating (2.11) gives the relation
V (q, ) = q3
3∑
i=0
ai
i, (2.26)
where the constants ai are functions of β and θe, and are reported in Appendix A. Their
expressions, however, simplify considerably in the limit of small wedge angles. Therefore,
a0 =
pi
6
(cos 3θe − 9 cos θe), (2.27)
a1 = pi(2θe − pi − sin 2θe) +O(β2), (2.28)
a2 = −2pi cos θe +O(β2), (2.29)
a3 = 0 +O(β
2). (2.30)
Using this approximation, and inverting (2.26), we find
(q) =
1
2a2
({
a21 + 4a2
(
V
q3
− a0
)}1/2
− a1
)
. (2.31)
In order to evaluate the free energy (2.10), we first express F as a polynomial expansion
in . After some manipulations, we obtain
F (q, ) = γq2
3∑
i=0
(3− i)aii +O(4). (2.32)
The constant-volume energy landscapes, FV (X), are then obtained by inserting (2.31)
into (2.32) and recovering the definition of q from (2.24), i.e.,
FV (X) ≡ F ◦  ◦ q(X). (2.33)
Figure 3(a) shows the energy landscapes for several values of θe but keeping β = 5◦. The
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(a) (b)
Figure 3: Energy landscapes along the position of the liquid barrel within the wedge,
X, calculated analytically (solid lines) and numerically via constrained minimisation of
the surface energy (symbols). (a) Curves for fixed β = 5◦ and different equilibrium
contact angles: θe = 95◦ (+), θe = 100◦ (×), θe = 105◦ (+×), θe = 110◦ (), θe = 115◦
(), θe = 120◦ (◦), θe = 125◦ (•), and θe = 130◦ (4). (b) Curves for fixed θe = 105◦
and different wedge angles: β = 5◦ (+), β = 9◦ (×) and β = 13◦ (+×). The pentagons
correspond to the minima in the analytical curves. The solid cut-off lines correspond to
the limit where the liquid-gas interface touches the apex of the wedge.
asymmetry in the landscapes about the equilibrium position arises from the intrinsic
asymmetry of the geometry of the wedge. A displacement towards the apex of the wedge
induces a comparatively larger increase in the solid-liquid surface area relative to the
liquid-gas surface area, and results in a sharper increase in the surface energy. This same
feature is observed in figure 3(b), where we present energy landscapes at fixed θe = 105◦
and different values of β.
2.5. Pressure profiles & comparison to constrained surface-energy minimisation
To better understand the properties of the out-of-equilibrium barrel shapes presented
in §2.4, we first focus on the Laplace pressure profiles arising from the local curvature of
14 É. Ruiz-Gutiérrez, C. Semprebon, G. McHale and R. Ledesma-Aguilar
the liquid-gas interface, pL(x) = γ [2/W (x) + 1/R(x)]. Figure 4 shows plots of pL as a
function of the bisector coordinate x for barrels of equal volume and equilibrium contact
angle, but different positions of the geometrical centre of the barrel X along the wedge
bisector. In equilibrium, the Laplace pressure profile across the droplet is uniform, and
corresponds to pL(x) = 2γ/Re. Out of equilibrium, pL decreases along x if X < Xeq,
and increases with x if X > Xeq. Notably, equal inwards and outwards displacements of
the centre of the barrel, X, lead to qualitatively different pressure profiles. For example,
the right-most curve in figure 4, corresponding to X − Xeq = V 1/3, shows a close to
linear profile, whilst the left-most curve, where X −Xeq = −V 1/3, mildly departs from
linearity.
The close to linear pressure profiles in figure 4 suggest that, in such cases, the out-of-
equilibrium barrel morphologies conform to the effect of a constant force density, such as
gravity. To verify this hypothesis, we employed a finite element approach to numerically
compute the barrel morphologies in mechanical equilibrium subject to a constraint in the
position of the centre of mass. To this aim we used the public domain software SURFACE
EVOLVER (Brakke 1992) to define a triangulated mesh describing the liquid surface and
to minimise the surface energy through a conjugate gradient algorithm.
In the numerical method, the Lagrange multiplier of the volume constraint, λV , plays
the role of the Laplace pressure at the coordinate x = 0, while the Lagrange multiplier
of the centre of mass, λX , can be interpreted as an effective body force required to hold
the droplet in place. Therefore, a linear hydrostatic pressure profile can be constructed
by writing P (x) = λV + λXV 2/3x/γ. In figure 4 we overlay the linear pressure profiles
obtained numerically to the analytical curves. The range of each curve corresponds to
the equatorial width of the barrel in each model. As expected, there is good agreement
in the magnitude of the pressure and in the location of the edges close to equilibrium
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Figure 4: (Colour online) Pressure profiles for out-of-equilibrium barrel shapes. The
continuous lines correspond to the Laplace pressure profile calculated directly from the
analytical model. The dashed lines correspond to hydrostatic pressure profiles obtained
numerically from the constrained minimisation of the surface energy. Each pair of
curves corresponds to a different displacement from equilibrium, from left to right,
(X −Xeq)/V 1/3 = −1, −1/2, 0, 1/2, 1.
with the analytical model, particularly for for X > Xe. This agreement is also observed
when comparing the analytical and numerical energy landscapes, as shown in figures 3(a)
and 3(b).
3. Motion of the droplet near equilibrium
3.1. Lagrangian formulation
The out-of-equilibrium barrel shape, given by (2.23), is controlled by the coordinates
q and . Here we consider the Lagrangian L(q, q˙, , ˙), where q(t) and (t) are treated as
dynamical variables and q˙ ≡ dq/dt and ˙ ≡ d/dt are the corresponding velocities. As
discussed in §2.2, we focus on the overdamped regime, where inertial effects are negligible.
Therefore, L can be written purely in terms of the surface energy, F . Imposing the
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constraint of a constant volume, V = V0, gives
L = −F + p(V − V0), (3.1)
where p is a Lagrange multiplier.
The equations of motion follow from (3.1) by using the principle of least action (Galley
2013), giving
νq q˙ = −∂F
∂q
+ p
∂V
∂q
, (3.2)
ν˙ = −∂F
∂
+ p
∂V
∂
. (3.3)
The terms on left-hand side of (3.2) and (3.3) correspond to the friction forces arising from
the motion of the liquid, where νq, and ν are drag coefficients. These can be determined
using a Rayleigh dissipation function, defined as (see Goldstein et al. 2002)
E˙ ≡
∑
ξ
νξ ξ˙
2, (3.4)
where ξ = q, . Note that we have defined E˙ such that the out-of-equilibrium surface
energy is dissipated by E˙ , i.e., dF/dt+ E˙ = 0. Differentiating (3.4) with respect to ξ˙ gives
the drag coefficients,
νξ =
1
2
∂2E˙
∂ξ˙2
. (3.5)
An equivalent but more direct approach to describe dynamics is to use (2.33) to obtain
the total capillary force arising from a change in the position of the barrel, X, and
equating this to an effective drag force, i.e.,
νXX˙ = −dFV
dX
. (3.6)
The drag coefficient νX can be related to νq and ν. Enforcing the conservation of
volume explicitly gives
V˙ =
∂V
∂q
q˙ +
∂V
∂
˙ = 0. (3.7)
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This relation can then be used in conjunction with (3.2) and (3.3) to obtain
νX =
(
dq
dX
)2{
νq +
(
d
dq
)2
ν
}
. (3.8)
3.2. Sources of dissipation
As discussed by de Gennes (1985) and de Ruijter et al. (1999), the total energy dissi-
pation arising during the motion of a meniscus, E˙ , results from three main contributions,
E˙ = E˙H + E˙L + E˙F , (3.9)
where E˙H is the hydrodynamic dissipation, E˙L is the dissipation due to the contact line
motion, and E˙F is the energy dissipation arising from the formation of a precursor film
ahead of the contact line. The latter term is negligible for partial wetting situations, and
therefore we shall set E˙F = 0.
The hydrodynamic contribution, E˙H, is the rate of viscous dissipation caused by the
flow pattern. Denoting u the velocity field in the liquid, we have (Landau & Lifshitz
2013),
E˙H = 1
2
η
∫
V
(∇u+∇uT )2 dV. (3.10)
The integral in (3.10) can be split into a ‘bulk’ contribution, arising from the flow pattern
at length scales comparable to the barrel size, and a contribution coming from the corner
flow near the contact line. Therefore,
E˙H = E˙bulk + E˙corner. (3.11)
The bulk dissipation can be estimated by assuming a local Jeffery-Hamel flow (Jeffery
1915; Hamel 1917), which is a pressure-driven flow between two non-parallel
planes (Rosenhead 1940). In the limit of small β we obtain
E˙bulk ≈ 12piηX
2W 2
β(4X2 −W 2)3/2 X˙
2 ≈ 6piη
β2
| cos θe|(1 + )2 q q˙2, (3.12)
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where W ≈ 2q(1 + ) (see Appendix B for details of the calculation of the Jeffery-Hamel
flow).
The energy dissipation due to the corner flow near the contact line arises from a
deviation of the meniscus from its equilibrium configuration. This can be quantified in
terms of a dynamic contact angle, θ. The capillary force driving the distortion of the
interface is
fcl = γ(cos θe − cos θ)rˆcl ≈ γ sin θe(θ − θe)rˆcl, (3.13)
where rˆcl is the unit normal of the contact line. Therefore, the energy dissipation can be
expressed as (see, e.g., de Gennes 1985),
E˙corner = 2
∫ 2pi
0
fcl · vcl rcl dϕ, (3.14)
where vcl = x˙lg(ϕ, ϑ = ψ) and rcl = rcl(ϕ) are the velocity and radius the contact line,
respectively.
The deviation of the dynamic contact angle from the equilibrium value can be estimated
using the Cox-Voinov law (Voinov 1976; Cox 1986),
θe − cos θe sin θe
2 cos θe
(θ − θe) = η
γ
vcl log
`M
`m
, (3.15)
where vcl = vcl · rˆcl. The logarithmic factor in (3.15) quantifies the relative contribution
to the dissipation from the corner flow at the macroscopic length scale, `M ∼ q, and the
microscopic lengthscale, `m. The microscopic length scale acts as a cut-off to regularise
the viscous dissipation singularity (Huh & Scriven 1971) and depends on the details of
the liquid-gas interactions and the roughness of the solid surface (Bocquet & Charlaix
2010).
Using (3.15) to eliminate θ − θe from (3.14) gives
E˙corner = 4η sin
2 θe
θe − cos θe sin θe log
q
`m
∫ 2pi
0
v2clrcl dϕ, (3.16)
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where, to leading order in β,∫ 2pi
0
v2clrcl dϕ =
pi
β2
cos2 θe| sin θe + | q q˙2 +O(β0). (3.17)
At length scales smaller than `m, the dissipation is controlled by the motion of the
liquid and gas molecules at the contact line. Matching the average speed of the molecules
to vcl one obtains the friction law (de Ruijter et al. 1999),
E˙L = 2ζ0
∫ 2pi
0
v2clrcl dϕ, (3.18)
where the friction coefficient, ζ0, is determined by the competition between the adsorption
of molecules by the solid and thermal fluctuations (Blake & Haynes 1969).
3.3. Relaxation towards equilibrium
Close to equilibrium, the restoring force in (3.6) can be obtained by expanding FV in
powers of X −Xe, i.e.,
FV (X) = Fe +
1
2
k(X −Xe)2 +O(X −Xe)3, (3.19)
where the coefficient of restitution is
k = 6γa0
(
1− 3a0a2
a21
)
sin2 β
cos2 θe
. (3.20)
To estimate the drag coefficient, νX , we first substitute (3.12), (3.16) and (3.18)
into (3.9). Then, using (3.5), gives, to leading order in β,
νq =
2piη
β2
q| cos θe|
[
3(1 + )2 +
(
2 sin2 θe log q/`m
θe − cos θe sin θe +
ζ0
η
)
| cos θe|| sin θe + |
]
,(3.21)
ν = 0. (3.22)
The close-to-equilibrium behaviour of νX can then be obtained by substituting νq and
ν into (3.8), and setting q ≈ Re = (V/a0)1/3 and  ≈ 0. This produces the result
νX ≈ 6piη| cos θe|
[
1 + sin θe| cos θe|
(
2 sin2 θe log(Re/`m)
3(θe − cos θe sin θe) +
ζ0
3η
)](
V
a0
)1/3
. (3.23)
This expression gives the relative contributions to the drag coefficient arising from the
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bulk, corner and contact-line, corresponding to the first, second and third terms inside
the square brackets, respectively.
Using (3.23) and (3.19) in (3.6) gives the exponential relaxation of the position of the
barrel towards equilibrium,
X(t) = Xe + (X(0)−Xe)e−t/τ , (3.24)
where the ratio
τ ≡ νX
k
(3.25)
sets the time scale of the relaxation process.
4. Discussion and Conclusions
Concus et al. (2001) predicted the existence of equilibrium barrel shapes, which
correspond to sections of a sphere. Such states exist so far as the contact and wedge
angles satisfy 90◦ + β < θe < 180◦.
In equilibrium, the height-to-width aspect ratio of the barrel, he, plays the role of an
order parameter. This idea is illustrated figure 5, which shows a phase diagram of the
different filling regimes for a wedge. For θ 6 90◦+β, he = 0, corresponding to the complete
filling states studied by Concus & Finn (1998), Concus et al. (2001) and Brinkmann &
Blossey (2004). For θe > 90◦ + β, corresponding to the barrel regime, the aspect ratio
becomes finite, i.e., he = − cos(θe − β). Increasing the equilibrium contact angle leads
to a limiting barrel configuration, where θe = 180◦ and he = cosβ. In such a limit the
contact area between the liquid and the solid vanishes, and the liquid forms a suspended
droplet.
Out of equilibrium, the instantaneous aspect ratio characterises the inwards and
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Figure 5: (Colour online) Phase diagram of the filling states of liquid droplet in a solid
wedge. The vertical arrows indicate trajectories of the system for fixed values of θe and
β. The dashed line shows the onset of edge blobs. The equilibrium of the trajectories
is highlighted and examples of the morphology of the droplet are shown as insets. For
clarity, the volume in the examples is not the same.
outwards modes of motion for a liquid barrel. Using (2.7) and (2.23) gives
h = he
cos θe + (1 + ) sinβ
(1 + )(cos θe + sinβ)
. (4.1)
A displacement of the liquid towards the apex of the wedge will result in a vertical
compression of the barrel (see upper inset in figure 5). This corresponds to setting  > 0 in
(4.1), which leads to a decrease in the aspect ratio, i.e., h < he. In contrast, a displacement
towards the wide end of the wedge causes a vertical extension of the interface, and
corresponds to  < 0, or, equivalently, h > he. The energy landscapes reported in §2.4
suggest that the spherical barrel shapes correspond to global minima in the surface
energy, and therefore distortions to such shapes will always relax back to equilibrium.
For situations where θe and β are kept constant, trajectories towards equilibrium run as
vertical lines in figure 5, pointing towards the master curve he(θe − β).
Baratian et al. (2015) showed that the equilibrium barrel shapes are subject to a
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vanishing net force. In such a case, the pressure force exerted by the walls on the
droplet is exactly balanced by the surface tension acting along the contact line. Out
of equilibrium, the net force will not vanish. Because the mean curvature of the barrels
is positive, the average Laplace pressure within the droplet is larger than the pressure of
the surrounding medium. Therefore, the lateral projection of the pressure force exerted
by the liquid on the walls of the wedge points towards the apex, and, consequently,
the walls will always exert a reaction force pointing in the outwards direction. On the
other hand, the tension acting over the contact line can always be locally decomposed
into components that are normal and tangential to the solid surface. In situations where
the contact angle is uniform, the integral of the tangential component of the tension
force over the contact line will vanish. The vertical component will always point towards
the solid, and therefore, the walls will exert a net force pointing inwards. Because a
displacement of the barrel towards the narrow end of the wedge always results in an
outwards motion, one can infer that the pressure force must be larger than the tension
force. On the other hand, the inwards motion of the barrels from the wide end of the
wedge towards their equilibrium position suggests that the dynamics is dominated by
the tension acting at the contact line. These features are analogous to the well-known
problem of capillary invasion (de Gennes et al. 2013). For tension-dominated dynamics
one expects little deviation of the local contact angle from the equilibrium contact angle,
similarly to the spontaneous imbibition problem, whilst in the pressure-dominated regime
the interface should deform more appreciably from its equilibrium configuration, as in
forced imbibition.
We close our discussion by focusing on the relaxation time scale of the translational
motion of the barrels, τ = νX/k, which results from the balance of the driving capillary
force, characterised by the restitution constant k, and the overall friction, characterised
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Figure 6: (Colour online) Bulk, corner flow and contact line contributions to (a) the
drag coefficient, νX and (b) the relaxation time, τ , of the translational motion of barrels
along the bisector plane of a wedge of angle β = 5◦. In (a) the restitution coefficient, k,
is superimposed on the right-hand side axis. The vertical lines in both plots correspond
to the limiting wetting angle θe = 90◦ + β.
by the drag coefficient, νX . Figures 6(a) and (b) show plots of k, νX , and τ as functions of
the equilibrium angle. In the limit θe → 90◦+β, the barrel equilibrium position is closer to
the apex of the wedge. Geometrically, this implies a stronger confinement, and thus both
the bulk contribution to the friction coefficient and the restitution constant reach local
maxima in this limit. For larger θe, both quantities decrease monotonically, leading to an
initial decrease in the relaxation time. However, the rate at which k decreases becomes
dominant with increasing θe. This is because at higher equilibrium contact angle the
barrels keep an approximately spherical shape for larger displacements from equilibrium.
As a result, the relaxation time reaches a minimum, beyond which it increases with θe
until it reaches a maximum saturation value as θe → 180◦. Interestingly, the location
of the minimum and maximum relaxation times shown in figure 6(b) depends on the
contributions to dissipation from the motion of the corner flow and the contact line.
The typical magnitude of the corner flow is controlled by the length scale separation
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between the macroscopic length scale `M ∼ Re, and the microscopic length scale `m that
characterises the molecular processes at the level of the contact line (Snoeijer & Andreotti
2013). For a macroscopic droplet, Re ∼ 1 mm and `m ∼ 10 nm, and thus Re/`m ≈ 105.
As shown in figure 6(a), this additional contribution is important at intermediate angles,
and vanishes in the limit θe → 180◦. This is the combined effect of a vanishing contour
length and a less confined corner flow at higher opening angle. As a result of the corner
flow, the minimum in the relaxation time is displaced to a higher contact angle, as shown
in figure 6(b).
The contribution of contact line dissipation to the drag coefficient is controlled by the
(constant) microscopic friction coefficient ζ0 and the contour length of the contact line.
Therefore, this term decays more slowly than the corner flow term in (3.23). The relative
weight of these sources of dissipation, however, is controlled by the ratio ζ0/η. Estimating
ζ0 will in general be subject to the details of a specific model (see, e.g., Ranabothu et al.
2005; S˘ikalo et al. 2005). Rather, here we examine the case where ζ0/3η = 1 in (3.23)
as a specific example where the corner and contact line dissipation are comparable in
magnitude. As shown in figures 6(a) and 6(b), the main effect of this term is a slower
decay in the contact line dissipation with increasing contact angle, which in turn leads
to an overall broadening of the maximum in the relaxation time.
Therefore, the qualitative shape for τ vs θe can be used in experiments to identify the
relative contribution of each source of dissipation in the motion of the liquid barrels.
more quantitatively, our model can be used to estimate the values of the microscopic
cut-off length, `m, and the friction coefficient, ζ0, by treating these quantities as fitting
parameters.
We would like to thank G. G. Wells and J. Guan for bringing to our attention their
interesting experimental observations and discussions which motivated this work, and to
Liquid Barrels in Wedges 25
F. Mugele for enlightening discussions. É. Ruiz-Gutiérrez is supported by a Northumbria
University PhD Studentship. C. Semprebon acknowledges support from Northumbria
University through the Vice-Chancellor’s Fellowship Programme.
Appendix A. Coefficients of the volume and free energy polynomial
forms
Integrating (2.4) with respect to ϑ gives the following expression for the volume of the
liquid,
V =
1
3
∫ 2pi
0
R
{
2(X∂ϕr sinϕ+ r
2 +Xr cosϕ) sinψ +R[r(3ψ + sinψ cosψ)
+X(ψ + sinψ cosψ) cosϕ] + 2X∂ϕRψ sinϕ+ 2R
2 sinψ
}
dϕ,
(A 1)
Following the approximations detailed in §2.2, the radii r and R read
r(ϕ) =
qα
cosϕ+ α
, (A 2)
R(ϕ) = q
(
1 +
 cosϕ
cosϕ+ α
)
, (A 3)
where α = − cos θe/ sinβ.
Substituting (A 2) and (A 3) into (A 1) results in a polynomial of  where the coefficients
are,
a0 =
1
3
∫ 2pi
0
{2 sinψ + α[ψ + sinψ cosψ] cosϕ} dϕ, (A 4)
a1 =
1
6
∫ 2pi
0
(cosϕ+ α)−3
{
4α4 cosϕ sinψ
+ α3[(4ψ + 2 sinψ + sin 2ψ) cos 2ϕ+ 6(ψ + sinψ) + 2 sin 2ψ]
+ 2α2[({3ψ + sin 2ψ} cos 2ϕ+ 7ψ + 4{2 + cosψ} sinψ) cosϕ]
+ α[(2ψ + sin 2ψ) cos 2ϕ+ 8ψ + 4(6 + cosψ) sinψ] cos2 ϕ
+12 cos3 ϕ sinψ
}
dϕ,
(A 5)
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a2 =
1
12
∫ 2pi
0
(cosϕ+ α)−3
{
4α3[cos 2ϕ+ 3] sinψ
+ α2[(6ψ + sin 2ψ) cos 2ϕ+ 22ψ + 16 sinψ + 5 sin 2ψ] cosϕ
+ α[(2ψ + sin 2ψ) cos 2ϕ+ 26ψ + 24 sinψ + 5 sin 2ψ] cos2 ϕ
+24 cos3 ϕ sinψ
}
dϕ,
(A 6)
and
a3 =
1
6
∫ 2pi
0
(cosϕ+ α)−3
{
4α2 cosϕ sinψ
+ α [6ψ + sin 2ψ] cos2 ϕ
+4 cos3 ϕ sinψ
}
dϕ.
(A 7)
The evaluation of the integrals requires an explicit expression of the angle ψ; using
(2.22) gives
ψ = arctan
[
tanβ
1 + α2 tan2 β
(
α
√
1 + (cos2 ϕ− α2) tan2 β + cosϕ
)]
. (A 8)
Using (A 8) and expanding in powers of β leads to (2.30).
To compute the interfacial energy we first note that (2.10) is composed of two terms,
the first being∫ 2pi
0
∫ ψ
−ψ
|dAlg| =
∫ 2pi
0
∫ ψ
−ψ
R
[
R2 cos2 ϑ+ 2Rr cosϑ+ r2 + (∂ϕR+ ∂ϕr cosϑ)
2
]1/2
dϑdϕ.
(A 9)
The integral in ϑ can be expressed in terms of elliptic functions. Then, substituting R
and r using (A 2) and (A 3), gives an expression in terms of q and . Close to equilibrium
  1, therefore, we evaluate the integral by first expanding the integrand in powers of
, which leads to (2.32).
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Appendix B. Jeffery-Hamel flow
The Jeffery-Hamel flow is a two-dimensional, pressure driven, radial, steady flow
contained inside flat walls diverging at an angle 2β.
In the low Reynolds number regime, the fluid dynamics can be described using the
Stokes equation (Pozrikidis 1992),
η∇2u−∇P = 0, (B 1)
where P is the pressure field and u is the velocity field. For an incompressible fluid, the
continuity equation reduces to
∇ · u = 0. (B 2)
Using the polar coordinates (s, ω) the velocity field is expressed as u = ussˆ + uωωˆ
where the angular flow is assumed to be zero, i.e., uω = 0.
The continuity equation reads,
1
s
∂sus
∂s
= 0, (B 3)
which has the general solution,
us(s, ω) =
f(ω)
s
(B 4)
where f depends only on ω. The explicit form of f can be found using the Stokes equation.
We write
η
f ′′
s3
− ∂P
∂s
= 0, (B 5)
2η
f ′
s3
− 1
s
∂P
∂ω
= 0. (B 6)
Integrating (B 6) with respect to ω gives the pressure profile,
P (s, ω) =
2η
s2
f(ω) + g(s), (B 7)
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where g only depends on s. Substituting this result into (B 5) gives the equation,
d2f
dω2
+ 4f =
s3
η
dg
ds
. (B 8)
The left hand side only depends on ω, whereas the right hand side only depends on s,
the only way that this can happen is if both sides are equal to a constant, c1, then,
g(s) = −c1η
2s2
+ c2, and f(ω) =
c1
4
+ c3 cos 2ω + c4 sin 2ω. (B 9)
The constants ci, i = 1, ..., 4 can be found by imposing boundary conditions to the flow.
Due to symmetry, the flow profile must be an even function of ω, therefore c4 = 0.
Imposing a no-slip boundary condition at the walls of the wedge fixes c1 = −4c3 cos 2β.
Setting the pressure to P (s1) = P1 and P (s2) = P2 at two arbitrary points, s1 and s2,
fixes c2 = (P1s21 − P2s22)/(s21 − s22) and c3 = (P2 − P1)s21s22/2η(s21 − s22).
The average velocity of the Jeffery-Hamel flow over a region of the channel reads
X˙ =
[∫ β
−β
∫ s2
s1
sdsdω
]−1 ∫ β
−β
∫ s2
s1
u · sˆ sdsdω (B 10)
= −P1 − P2
s1 − s2
(
s1s2
s1 + s2
)2
sin 2β − 2β cos 2β
2βη
. (B 11)
In terms of X˙, the velocity field reads,
u = X˙
s1 + s2
2s
cos 2β − cos 2ω
cos 2β − β−1 sin 2β sˆ. (B 12)
Equation (B 12) can be used to determine the bulk energy dissipation. First, the
gradient of the velocity field is
∇u = X˙β(s1 + s2)
s2(2β cos 2β − sin 2β)
cos 2ω − cos 2β sin 2ω
0 cos 2β − cos 2ω
 , (B 13)
which leads to bulk energy dissipation density
ε˙ =
η
2
(∇u+∇uT )2 = 2ηX˙
2β2(s1 + s2)
2(3 + cos 4β − 4 cos 2β cos 2ω)
s4(2β cos 2β − sin 2β)2 . (B 14)
To obtain the total dissipation, (B 14) needs to be integrated over a volume Veff, which
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corresponds to the region where the bulk dissipation of the barrel takes place. We
approximate Veff, as a toroidal section, of major radius equal to the distance X, and
a minor radius that matches the equatorial radius of the barrel, W/2. Therefore, the
bulk dissipation is
E˙bulk =
∫
ε˙ dVeff ≈ 32piβ
2ηX˙2W 2X2[β(cos 4β + 3)− sin 4β]
(4X2 −W 2)3/2(2β cos 2β − sin 2β)2 . (B 15)
To a leading order, (B 15) is inversely proportional to β, which leads to the expression
(3.12) after taking a Laurent series expansion.
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